In the present work, we propose two new variants of fifth order finite difference WENO schemes of adaptive order. We compare our proposed schemes with other variants of WENO schemes with special emphasize on WENO-AO(5,3) scheme [Balsara, Garain, and Shu, J. Comput. Phys., 326 (2016), pp 780-804]. The first algorithm (WENO-AON(5,3)), involves the construction of a new simple smoothness indicator which reduces the computational cost of WENO-AO(5,3) scheme. Numerical experiments show that accuracy of WENO-AON(5,3) scheme is comparable to that of WENO-AO(5,3) scheme and resolution of solutions involving shock or other discontinuities is comparable to that of WENO-AO(5,3) scheme. The second algorithm denoted as WENO-AO(5,4,3), involves the inclusion of an extra cubic polynomial reconstruction in the base WENO-AO(5,3) scheme, which leads to a more accurate scheme. Extensive numerical experiments in 1D and 2D are performed, which shows that WENO-AO(5,4,3) scheme has better resolution near shocks or discontinuities among the considered WENO schemes with negligible increase in computational cost.
Introduction
The aim of the present article is to develop efficient and accurate fifth order WENO schemes of adaptive order for the hyperbolic conservation laws given by
where u = (u 1 , u 2 , . . . , u m ) ∈ R m are the conserved variables and f α : R m → R m , α = 1, 2, . . . , d are the Cartesian components of flux. It is well-known that the classical solution of (1.1) may cease to exist in finite time, even if the initial data is sufficiently smooth. The appearance of shocks, contact discontinuities and rarefaction waves in the solution profile makes it difficult to devise stable and high order accurate numerical schemes due to the development of spurious oscillations or even growing numerical instabilities. WENO schemes are one of the most successful higher order accurate schemes, which computes the solution accurately while maintaining high resolution near the discontinuities in a non-oscillatory fashion. Initially, WENO schemes were constructed in finite volume framework by Liu et al. [21] . They have constructed a finite volume WENO scheme, in which they choose a convex combination of the reconstructions on all possible stencils used in essentially non-oscillatory (ENO) schemes [14] . The resulting scheme achieves one order more than ENO scheme. Jiang and Shu [17] constructed the fifth-order finite difference versions of WENO scheme in higher dimensions for hyperbolic conservation laws. They also designed a general framework for the smoothness indicators and the nonlinear weights. Higher order extension of finite difference WENO can be found in [5] , in which Balsara and Shu have devised WENO schemes upto eleventh order. Further, Gerolymos et al. [13] developed very high-order WENO schemes upto the seventeenth order. The WENO schemes were also developed in central framework [20] , [26] , [9] and its extension to unstructured meshes can be found in [11] , [12] . WENO schemes have been successfully applied to many problems having both shocks and complicated smooth structures, for more details we refer [29] and references therein.
In central WENO [19, 20] , Levy et. al discussed the reconstruction problem where the linear weights may not exist. They provide a new way of assigning the linear weights to the stencils and devised the stable central WENO schemes. In [20] , Levy et. al developed a new third-order, compact central WENO reconstruction, which is written as a convex combination of a quadratic and two linear polynomials. Zhu and Qui [35] proposed a new fifth order finite difference WENO scheme, named as WENO-ZQ, for hyperbolic conservation laws. The WENO-ZQ scheme is a convex combination of a fourth degree polynomial and two linear polynomials. The scheme is shown to be more accurate as compared to classical WENO-JS scheme in L ∞ -and L 1 -norms. Further, this new formulation is extended to finite volume framework [37] and for solving Hamiton-Jacobi equation [36] . Balsara et al. [3] proposed a new class of WENO schemes of adaptive order for hyperbolic conservation laws, denoted as WENO-AO. In [3] , fifth order WENO scheme of adaptive order, denoted as WENO-AO (5, 3) , is a convex combination of three quadratic polynomials and a fourth degree polynomial. Balsara et al. [3] proposed a novel way to compute smoothness indicators by expressing reconstruction polynomials in terms of Legendre polynomials. Even though WENO schemes of adaptive order are more accurate, it involves the calculation of an extra smoothness indicator over the largest stencils in comparison to classical WENO scheme. Huang and Chen [16] showed that computational cost of WENO-AO(5,3) can be reduced by evaluating the smoothness indicator of bigger stencil as a combination of smoothness indicators of the smaller stencils. Further, numerical experiments were presented for fifth order WENO schemes of adaptive order with new smoothness indicators on uniform and non-uniform meshes with demonstrable reduction in computational cost in comparison to WENO-AO(5,3) scheme. A similar idea is used by the same authors in developing efficient upwind and central WENO scheme of sixth order [15] .
In this article, we have proposed two new variants of fifth order WENO schemes of adaptive order for hyperbolic conservation laws. In the first variant of WENO scheme of adaptive order, denoted as WENO-AON(5,3), we devised a simple smoothness indicator defined over the smaller stencils, that can serve as a smoothness indicator for the bigger stencil. The proposed simple smoothness indicator is closer to the original smoothness indicator (see [3] ) at the truncation error level as compared to existing indicators in literature and takes less time to compute solution. In devising the second variant of WENO scheme, our main concern is the accuracy and resolution of solutions near the shock or discontinuities. This variant uses a convex combination of three quadratic polynomials, one cubic polynomial and a fourth degree polynomial and the resulting scheme is named as WENO-AO (5, 4, 3) . In fifth order WENO scheme of adaptive order given by [3] and [16] , solution is computed with quadratic polynomial, if the bigger stencil has shocks or discontinuities. Whereas in the case of WENO-AO (5, 4, 3) , once the discontinuities are detected over the bigger stencil, instead of computing solution directly using lower degree quadratic polynomial, it may use the central approximation given by cubic polynomial.
Hence WENO-AO (5, 4, 3) leads to a more accurate scheme as compared to other WENO schemes of order five in the presence of shocks or discontinuities. Using the approach discussed in [2] (see also [1] , [18] for more details), we have shown that for both solutions, nonlinear weights approach the linear weights if solution is smooth over the bigger stencil. We have also shown that both types of flux reconstruction are fifth order accurate under the assumption of smoothness of solution over the bigger stencil.
Further, we compare the two proposed algorithms of WENO scheme of adaptive order with other fifth order WENO schemes present in the literature. Here we consider the fifth order WENO-JS [17] , WENO-Z [6] , WENO-AO(5,3) [3] , and WENO-ZQ [35] schemes for comparison. Since WENO-AO(5,4,3) scheme contains the additional computation of extra cubic polynomials, which leads to an increment in the computational cost, it is still interesting to see resolution of solutions computed with WENO-AO(5,4,3) scheme near shocks or discontinuities. The performance of proposed algorithms are studied through numerical experiments. We observed that WENO-AON(5,3) scheme computes comparable solution to WENO-AO(5,3) scheme with less computational cost. We also found WENO-AO(5,4,3) scheme resolves the solution near discontinuities more accurately than the other considered WENO schemes with negligible increment in computational cost for one and two dimensional problems.
The article is organized as follows: in section 2, we have detailed the basic formulation of WENO scheme of adaptive order and discussed the construction of WENO-AON(5,3) and WENO-AO (5, 4, 3) schemes. The analysis of nonlinear weights and flux reconstruction has been discussed in Section 3. In the section 4, The proposed algorithms are compared with other variants of WENO scheme for smooth test cases or test cases where solution has shocks or other discontinuities. At the end, conclusions are drawn in section 5.
Finite difference WENO schemes
In this section, we discuss the implementation of two new fifth order WENO schemes of adaptive order for one-dimensional scalar hyperbolic conservation laws given by
For simplicity, we distribute the computational domain into smaller cells
having a uniform mesh width ∆x = x i+ 1 2
) denoting the center of the cell. The semi-discrete formulation of (2.1) over the cell I i can be given by
where u i (t) = u(x i , t) is the point value and F i+ 1 2 is numerical flux defined at the interface x i+ 1 2 . The conservation property is assured by defining a function H(x) implicitly through the following equation [31] f (u(x)) = 1 ∆x
Differentiating with respect to x, we get
where H(x i± 1 2 ) is a approximation to the numerical flux F i± 1 2 with an r th order of accuracy in the sense that
To ensure the numerical stability, the flux f (u) is split into positive and negative parts as follows 
where λ = max(|f (u)|), such that maximum is taken over whole range of u in the mesh.
In case of the system of equations, λ is the maximum of the absolute values of the largest eigenvalue of the Jacobian matrix taken over x-axis. The numerical flux is also divided into positive and negative fluxes, which are obtained from positive and negative parts of f (u), such that F i±
Here, we define the WENO reconstruction procedure for positive part, since negative part is symmetric to the positive part with respect to x i+ 1 2 . We drop the + sign to avoid confusion.
WENO-AON(5,3)
The reconstruction algorithm of WENO scheme of adaptive order is designed to approximate the spatial derivative of the flux f , which involves the following steps
• Step-1: We choose the bigger stencil S 5 0 = {I i−2 , I i−1 , I i , I i+1 , I i+2 } and reconstruct a quartic polynomial P 4 0 (x) satisfying 1 ∆x
Similar to WENO-JS scheme [17] , we also consider three smaller stencils
and reconstruct quadratic polynomials P 2 k (x), for k = −1, 0, 1 over each stencil satisfying 1 ∆x
Step-2: Define the fourth order polynomial P(x) as follows [3] 
where γ 3 −1 , γ 3 0 , γ 3 1 , γ 5 0 are the positive linear weights corresponding to stencils
, respectively, and satisfying the relation
Here, we choose the linear weights similar to [3] , as follows • Step-3: Compute the smoothness indicators denoted by β m k , which measure the smoothness of the function (see [17] for more details) as given by (1, 3) , and (0, 5).
(2.13) In the quadratic case, smoothness indicators are given by
The smoothness indicator over the stencil S 5 0 is given in compact form as follows (see [3] where
The superscript used for β 5 0 is to distinguish the numerical schemes. Here, (β 5 0 ) (1) correspond to smoothness indicators used in WENO-AO(5,3) scheme (see [3] ). Despite being the more accurate scheme as compared to WENO-JS and other WENO variants, WENO-AO(5,3) scheme involves the computation of smoothness indicator over the bigger stencil S 5 0 , which increases the computational cost of the scheme especially for systems of equations in multiple dimensions. In [16] , Huang and Chen observed that the smoothness indicator of bigger stencil can be expressed as a linear combination of smoothness indicators defined over smaller stencils and they proposed the following smoothness indicator (β (2.16) For = 0, Taylor series expansion of (β 5 0 ) (2) at point x i+ 1 2 shows that the first two terms of (β 5 0 ) (2) coincide with that of (β 5 0 ) (1) . Further, in this article, we have proposed a new smoothness indicator denoted as (β 5 0 ) (3) for S 5 0 , which is constructed on an idea similar to [16] but is more efficient (shown numerically in subsequent sections)
An analysis of this smoothness indicator is given in later section.
• Step-4: To avoid the loss of accuracy at critical points, we adopt the strategy discussed for WENO-Z schemes in [6, 7, 10] . We define
We will get different reconstruction schemes by choosing the value of l. The value l = 1 correspond to WENO-AO(5,3) [3] , l = 2 gives WENO-AO-HC [16] , and for l = 3, we obtain a new reconstruction of WENO scheme named as WENO-AON(5,3).
The nonlinear weights can be defined using
where is a small positive real number to avoid the denominator to become zero.
In numerical experiments, we take = 10 −12 . The normalized nonlinear weights are given by
(2.19)
• Step-5: Finally, the nonlinear reconstruction is defined as
Similarly, the negative part can be calculated.
WENO-AO(5,4,3)
In this section, we describe the WENO-AO 
Let P 3 0 denote the cubic polynomial defined over the stencil S 4 0 satisfying 1 ∆x
• Step-2: (Linear Weights) The linear weights are assigned to stencils as follows Then the linear reconstruction can be defined as
(2.24)
• where
• Step-4: (Non-linear Weights) We define the parameter τ as
Then, nonlinear weights can be defined using
where (l, k) = {(3, −1), (3, 0), (3, 1) , (4, 0), (5, 0)}.
•
Step-5: The nonlinear reconstruction is defined by is given by
The smoothness indicator corresponding to stencil S 4 −1 can be written in compact form (see [3] ) as follow
where
We named the scheme WENO-AOL(5,4,3), and it produces numerical solutions comparable to WENO-AO(5,4,3) scheme as demonstrated in examples (Section 4).
Remark 2.2.
Here we consider the smoothness indicator (β 5 0 ) (1) for more accurate solutions, but WENO-AO(5,4,3) scheme can be made efficient by using the smoothness indicators (β 5 0 ) (2) and (β 5 0 ) (3) .
Remark 2.3.
The WENO-AO(5,4,3) scheme is identical to WENO-AO(5,3) scheme for γ Avg = 0.
Remark 2.4. Both of the above schemes can be extended to higher dimensions using dimension by dimension approach.
Remark 2.5. Both the algorithms can be extended to system of equations using the characteristics-wise approach [28] . We choose λ as the absolute value of largest eigenvalue of the system.
Analysis of new Smoothness Indicator
WENO schemes of adaptive order [3] are shown to be more accurate than classical WENO schemes, however that accuracy comes at the cost of computing the extra smoothness indicator for the bigger stencil. In classical WENO-JS scheme [17] , we need to compute smoothness indicators β 3 k (k = −1, 0, 1) corresponding to stencils S 3 k , whereas in case of WENO schemes of adaptive order, apart from calculating β 3 k for stencils S 3 k , we also need to calculate smoothness indicator (β 5 0 ) (1) for the bigger stencil S 5 0 whose computational cost is comparable with sum of computational costs of β 3 k . To reduce the computational cost, Huang and Chen [16] proposed a simple smoothness indicator (β 5 0 ) (2) for the stencil S 5 0 which is obtained from the combination of lower order smoothness indicators β 3 k . Further, they have shown that (β 5 0 ) (2) can serve the purpose of smoothness indicator (β 5 0 ) (1) . By using this result computational cost of WENO-AO(5,3) scheme can be reduced [16] . In lieu of Huang and Chen, we also proposed a simple smoothness indicator (β 5 0 ) (3) which is equal to (β 5 0 ) (1) upto truncation error of magnitude O(∆x 5 ). In this section, we have compared the proposed smoothness indicator (β 5 0 ) (3) with (β 5 0 ) (1) , (β 5 0 ) (2) at the truncation error level of Taylor series expansion. Using smoothness indicator (β 5 0 ) (3) , the numerical scheme WENO-AON(5,3) converges to analytical solution with convergence rate approximately equal to five for a sufficient assumption on smoothness of flux f .
Comparison of smoothness indicator (β 5
0 ) (2) and (β 5 0 ) (3) Using the Taylor series expansion of f at x i+ 1 2 , we can obtain
whereas for smoothness indicator (
The Taylor series expansion of smoothness indicator (β 5 0 ) (3) is given as
which is exactly same as (β 5 0 ) (1) upto truncation error level of order O(∆x 5 ), whereas Taylor series expansion of the smoothness indicator (β 5 0 ) (2) [16] for = 0 is given by
which is exact to (
Non-linear Weights
In this subsection, we will show that the nonlinear weights converge to the linear weights when solution is smooth on S 5 0 . In the proof, we have followed the approach discussed in [2, 1, 18] , where rigorous analysis is done for more general WENO schemes of adaptive order with both WENO-JS and WENO-Z weights. Here we adapt the notation used in [2] . For a function g, we have
where C is positive constants independent of ∆x. 
where β 5 0 can be chosen from any one of the smoothness indicators (β 5 0 ) (1) , (β 5 0 ) (2) , (β 5 0 ) (3) . Proof. The nonlinear weights in case of WENO-AON(5,3) reconstruction are given by
(3.7) Before proving the results for the nonlinear weights, we derived some results for the smoothness indicators and parameter τ . From (3.1), (3.2), (3.3) and (3.4), we can easily conclude that |β
Using the above, we can get τ = O(∆x 4 ). Further, the estimates of smoothness indicators is given as (β
and
can be written as
Further, we have
Finally, using (3.10) we get ω
Remark 3.1. The parameter is used to prevent division by zero and must be chosen to be a small value, so that it does not dominate the smoothness indicators β. As mentioned before we use = 10 −12 but another way to choose this is = k∆x 2 for small k. 
Proof. Similar to the case of WENO-AON(5,3) reconstruction.
Accuracy of reconstruction schemes
Now we prove the accuracy of WENO-AON(5,3) and WENO-AO(5,4,3) reconstruction, when flux is smooth in the bigger stencil S 5 0 , following the approach discussed in [2] (also see [1] , [18] for more details). 
Proof. In the case of WENO-AON(5,3) reconstruction, we have
))
The sufficient condition to achieve fifth order accurate reconstruction using WENO-AON(5,3) reconstruction is 16) which can be observed from Theorem 3.2. In the case of WENO-AO(5,4,3) reconstruction, we have
Using similar arguments as in the case of WENO-AON(5,3) reconstruction, we can also conclude that WENO-AO(5,4,3) reconstruction is fifth order accurate.
Theorem 3.4.
If the solution contains a discontinuity in S 5 0 and is smooth in S 4 0 , then nonlinear weights in WENO-AO(5,4,3) reconstruction satisfy
Proof. The nonlinear weights in case of WENO-AO(5,4,3) reconstruction given by (2.28) can be written as
Further, the denominator of (3.18) can be estimated as
• Case-I: When (l, k) = {(5, 0), (3, −1)}, then using (3.20) and (3.21), we have
• Case-II: For (l, k) = (4, 0), we have
Similarly, we can prove for ω 3 0 and ω 3 1 .
Theorem 3.5. If the solution contains a discontinuity in S 5 0 and is smooth in S 4 0 , then WENO-AO(5,4,3) reconstruction is fourth order accurate at the interface
Proof. The WENO-AO(5,4,3) flux reconstruction at the interface is given by (3.17) . Under the assumption that flux is smooth over S 4 0 but contains a discontinuity in S 5 0 , we have
Then the flux reconstruction (3.17) reduce to
From Theorem 3.4, we have
Now if we take γ 3 0 = γ 3 1 = γ 0 , then we have
which can be further written as
We can easily observe that where
Using (3.26) in (3.25), we get the required result. under the assumption γ 3 0 = γ 3 1 . But our numerical experiments suggest that giving more weight to stencil S 3 0 in comparison to stencils S 3 −1 , S 3 1 (similar to WENO-AO(5,3) scheme [3] ), yields better resolution of solution across shocks or discontinuities. This is illustrated in examples (Section 4). This is the reason of choosing linear weights like (2.23), where we have given more weightage to stencil S 3 0 than S 3 −1 , S 3 1 .
Numerical Experiments
For the time integration, we consider the explicit Runge-Kutta method of order three [30] . The Runge-Kutta method considered here, can be defined for the following ordinary differential equation for vector u n as follows
When the solution u n is known, then it can be updated to the next level using the above stages.
In this section, our aim is to compare the two proposed algorithms WENO-AON(5,3) and WENO-AO(5,4,3) with other variants of WENO schemes of order five. Here, we have used WENO5-JS [17] , WENO-Z [6] , WENO-ZQ [35] , WENO-AO(5,3) [3] , and WENO-AO-HC [16] schemes for the comparison purpose. In order to have a fair comparison, in the WENO reconstruction procedure, basis space of reconstruction polynomials are spanned by Legendre polynomials. This allows us to express smoothness indicators in the compact form, thereby reducing the computational costs of old variants of WENO schemes [4] , [3] . All WENO schemes considered here have same framework as given in the Section 2 and they differ from each other at the reconstruction level only. We have compared the proposed algorithms with other WENO algorithms in terms of accuracy and computational cost. Further, numerical experiments are performed to show how well the WENO schemes resolve the various discontinuities for the scalar and system of nonlinear problems. The CFL number is taken to be 0.95 in the 1D test cases and 0.5 for 2D test cases or it will be mentioned separately.
The relative speedup factors are calculated for each WENO schemes with respect to WENO-AO(5,3) scheme. The speedup factor of the WENO-AO(5,3) algorithm gets normalized to unity. If the speedup number of the scheme is less than unity, it indicates a faster scheme in comparison to that of WENO-AO(5,3) scheme and vice versa.
The values of parameters γ Hi and γ Lo are taken as 0.85 [3] and [16] for all WENO schemes of adaptive order. In case of WENO-ZQ [35] scheme, we have taken the weight of 0.98 for the large central stencil. In WENO-AO(5,4,3) scheme, we take γ Hi = 0.85, γ Avg = 0.85, and γ L0 = 0.7 for all test-cases.
Accuracy Test
We test the accuracy and convergence rate of WENO schemes for linear as well as a nonlinear equations. The accuracy of the schemes are measured in L ∞ -, and L 1 -error norms, which are defined for error e over the domain [a, b] as follows
where N denotes the number of subdivisions of the domain and u j and (u ∆x ) j denote the exact and approximate solutions (corresponding to ∆x = (b − a)/N ) at point x j , respectively.
Comparison of the accuracy of the WENO-AO-HC, WENO-AO(5,3), WENO-JS and WENO-ZQ schemes can be found in [3] [16] . We have devised WENO-AON(5,3) scheme using an approach similar to [16] . Therefore, we intend to compare the computational cost of WENO-AON (5,3) 
with the initial data u(x, 0) = sin(πx) and periodic boundary conditions. Numerical solutions are computed using WENO-AO(5,3), WENO-AON(5,3), and WENO-AO(5,4,3) schemes at time T = 10. To ensure negligible effect of time-discretization, we take time step ∆t = 0.5∆x 1.5 . The L ∞ and L 1 -errors and convergence rates of the considered schemes are shown in Tables 1 and 2 with their convergence rates. The magnitude of errors of the schemes are comparable in the both norms and all considered schemes converge to solution with convergence rate five.
Example 4.3. (1d Euler Equations) The one-dimensional Euler system of equations in the conservation form is
where U and F(U) are vector of conservative variables and fluxes, respectively given by
Here, the dependent variables ρ, p, and u denote density, pressure and velocity, respectively. The energy E is given by the relation
where γ is the ratio of specific heats and taken as 1.4 in test cases or it will be mentioned separately.
In order to measure the accuracy of the schemes, we consider the Euler system of equations with the initial data ρ(x, 0) = 1 + 0.2 sin(x), u(x, 0) = 1, and p(x, 0) = 1 over the domain [0, 2π]. Numerical solutions are computed at time T = 1. The time step is ∆t = 0.5∆x 1.5 . In Table 5 , 6, we have depicted the L ∞ -and L 1 -errors and convergence rates of the numerical schemes. We can easily observe from the Tables that schemes are comparable in terms of accuracy and convergence rate. In Figure 2 
Example 4.4. (2d-Euler Equations) The two-dimensional Euler system of equations in the conservation form is
where U, F(U), and G(U) are vectors of conservative variables and fluxes, given respectively by To measure the accuracy in this case, we consider equation (4.6) 
Test Cases with Discontinuities
Now we test the algorithms of the WENO-AON(5,3) and WENO-AO(5,4,3) schemes on test cases having discontinuities and compare them with the WENO-JS, WENO-Z, WENO-ZQ, and WENO-AO(5,3) schemes.
Example 4.5. Consider the linear advection equation (4.2) with following initial data [6] u(x, 0) = −(sin(πx) +
The problem contains a discontinuity at x = 0 which advects, to the right. Numerical solutions are computed at T = 8 with 50 and 100 grid points using WENO schemes and comparison is shown in Figure 4 , 5, respectively. From Figure 4(a)-(b) , we can observe that WENO schemes of adaptive order are comparable and resolves the discontinuity in least dissipative manner. The WENO-AON(5,3) perform better than other scheme on coarse mesh and it was replaced by WENO-AO(5,4,3) scheme as the grid refined. Figure 6 shows the value of smoothness indicator β 5 used in the WENO-AO(5,3), WENO-AON (5,3), and WENO-AO-HC schemes computed at first step of simulation. We can observe from Figure  6 over the domain [0, 1] with transmissive boundary conditions. Numerical solution are computed using WENO schemes at time T = 0.16 with 100 mesh points. The numerical densities along with zoomed views near the discontinuities are depicted in Figure 8 . The simulations of WENO-AO(5,4,3) yield better resolution of solution near the discontinuities than other WENO variants and it gives least dissipative results without over and undershoot at the shock position. Form Table 9 , it can observed that the L 1 -error of WENO-AO(5,4,3) is least among the considered WENO scheme. The solution computed with WENO-AO(5,3) and WENO-AON(5,3) has comparable accuracy and resolution at discontinuities. In WENO-AO(5,4,3), we have given twice the linear weight to the stencil S 3 0 in comparison to stencils S 3 −1 , S 3 1 . Now we construct the scheme based on Theorem 3.5, where equal weights are given to stencils S 3 0 , S 3 1 . The linear weights are chosen as follows Figure 10 , we have shown the comparison of density computed with WENO schemes along with the exact solution. It can be easily observed from Figure 10 that WENO-AO(5,4,3) scheme resolves the shock and contact discontinuities accurately without over-and under-shoot, whereas over-and under-shoot can be observed in case of WENO-ZQ scheme (see [35, pp. 118, Figure  3 .5]). The resolutions of WENO-AO(5,3) and WENO-AON(5,3) are comparable near the discontinuities. In Table 10 , we compared the L 1 -errors of the WENO schemes increasing the number of mesh points for fixed time T = 1.3. The WENO-AO(5,4,3) scheme has least L 1 -error among the considered WENO schemes. In Figure 11 , we have compared the WENO-AO ( with transmissive boundary conditions at both ends. Figure 12 (a) shows the density on a mesh having 200 points for the WENO-Z, WENO-AO(5,3), WENO-AON(5,3), and WENO-AO(5,4,3) schemes, whereas in Figure 13 , we have shown the density computed with the considered schemes on a mesh having 400 points. The exact solution is a reference solution computed using WENO-AO(5,3) scheme on a mesh with 10000 points. Figure  12 and using reflective boundary conditions at both ends. The numerical solutions are computed at time T = 0.038 over the domain [0, 1] with 800 mesh points and depicted in Figure  14 . We have compared the numerical solutions with the reference solution, which we obtained using WENO5-JS scheme with 10000 grid points. It can be concluded from careful examination of Figure 14 that resolution of the solution computed with WENO-AO (5, 4, 3) scheme is better than other WENO schemes.
Example 4.10. (Shock-Vortex Interaction) This 2D problem consists of the interaction of a left moving shock wave with a right moving vortex [22] , [8] , [23] . Consider the system of 2D Euler equations (4.4) with initial condition where V L and V R denotes the left state and right state of shock discontinuity, respectively. The left state is taken as
√ γ, 0, 1) and right state is given as
The left state V L is superimposed onto a vortex given by following perturbations
where δθ and δs denotes the temprature and physical entropy, respectively, and In Figure 15 (a)-(b), we have shown the initial and final positions of the shock and vortex in density profile, respectively, computed using WENO-AO(5,4,3) scheme. In Figure  16 , we have plotted the cross sectional slices of density profile along the plane y = 0.5 computed with WENO schemes after the interaction. The reference solution is computed using WENO-JS scheme over a uniform mesh having resolution 1000×1000. We can easily observe from the enlarged portion around shock, that WENO-AO (5, 4, 3) resolves the shock in non-oscillatory manner and performs better than other schemes. The WENO-AON(5,3) is comparable with WENO-AO(5,3) scheme and performs better than the WENO-JS and WENO-Z scheme. taken to be T = 0.8. The numerical solutions are computed using the considered WENO schemes and depicted in Figure 19 . We can observe that the WENO schemes capture the complex structures and are able to capture small-scale vortices. The WENO-AO(5,4,3) scheme resolves more vortices than WENO-AO(5,3) scheme, whereas WENO-AON(5,3) is comparable with other schemes. . The boundary conditions on the upper boundary can be implemented using shock position as follows In Figure 21 , we have depicted the numerical densities obtained using WENO-AO(5,3), Table 11 : Relative computational cost for 2D-Examples with considered WENO schemes. 
Computational cost comparison for 2D-Problems
In this subsection, we compare the relative computational costs of numerical schemes with respect to WENO-AO(5,3) scheme for 2D system of Euler equations with test cases 4.10-4.15 taken in subsection 4.2. We have kept all other parameters such as mesh width, CFL etc same as is given in test cases in subsection 4.2. In Table 11 , we depict the time taken to compute the solution by WENO schemes in relation to the base scheme WENO-AO(5,3). We can easily observe that WENO-JS and WENO-Z take almost 89 − 90% time of computational cost of WENO-AO(5,3) scheme, whereas WENO-AON(5,3) and WENO-ZQ take 3 − 4% less time as compared to the base scheme. We can also observe that WENO-AO(5,4,3) takes 6 − 9% more time as compared to the base scheme. Since it includes an extra polynomial in the reconstruction than other schemes.
Conclusion
In this article, two new algorithms of fifth order WENO scheme of adaptive order for hyperbolic conservation laws, named as WENO-AON(5,3) and WENO-AO of solution across shocks and discontinuities with less computational cost. In the WENO-AO(5,4,3) scheme, we have used a convex combination of three quadratic polynomials, one cubic polynomial and a fourth degree polynomial and we found that resolution of solutions obtained using WENO-AO(5,4,3) is better than that from WENO-JS, WENO-Z, WENO-ZQ, and WENO-AO(5,3) schemes. We have observed that WENO-AO(5,4,3) scheme takes 6 − 9% more computational time than WENO-AO(5,3) scheme but is more accurate, and the cost can be reduced using the smoothness indicator proposed in the first algorithm. The present algorithms can be extended to WENO scheme of adaptive order more than five and will be a future topic of interest. The main advantage of these WENO schemes is that they don't require the existence of positive optimal linear weights. Hence the cases, where existence of positive linear optimal weights are not assured, can be solved with these new WENO schemes of adaptive order in a stable manner.
